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Abstract
In this paper we disprove three conjectures from [M. Dehmer, F.
Emmert-Streib, Y. Shi, Interrelations of graph distance measures based
on topological indices, PLoS ONE 9 (2014) e94985] on graph distance
measures based on topological indices by providing explicit classes of
trees that do not satisfy proposed inequalities. The constructions are
based on the families of trees that have the same Wiener index, graph
energy or Randic´ index - but different degree sequences.
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1 Introduction
The structural graph similarity or distance of graphs has been attracting at-
tention of researchers from many different fields, such as mathematics, social
network analysis, biology or chemistry. The two main concepts which have
been explored are exact (based on isomorphic relations and computationally
demanding, see [7, 8] and references therein) and inexact graph matching
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(one example here is graph edit distance, see [4]). In this paper we are
dealing with the later concept, and study interrelations of graph distance
measures by means of inequalities. Graph distance measure is a mapping
d : G × G → R+, where G is any set of graphs [12].
Given two graphs with n vertices, G1 and G2, the edit distance between
G1 and G2, denoted by GED(G1, G2), is the minimum cost caused by the
number of edge additions and/or deletions that are needed transform G1
into G2. GED has been introduced by Bunke [3].
A topological index [22] is a type of a molecular descriptor that is cal-
culated based on the molecular graph of a chemical compound, and usually
represents numerical graph invariant I(G).
Some novel class of graph distance measures based on topological indices
have been introduced by Dehmer et al. [9]. The same authors continued
research from [10] and proved various inequalities and studied comparative
graph measures based on the well-known Wiener index, graph energy and
Randic´ index. For more results on graph entropy measures see [5, 6].
2 Preliminaries
We focus on the graph distance measure introduced in [9]:
dI(G,H) = d(I(G), I(H)) = 1− e−
(
I(G)−I(H)
σ
)2
,
where σ is an arbitrary real number and I(G) and I(H) are certain graph
invariants. Note that dI(G,H) is actually is a distance measure for real
numbers, and for more mathematical properties see [10].
Let G = (V,E) be a connected graph on n vertices. The distance between
the vertices u and v of G is denoted by d(u, v). The Wiener index is one
of the oldest distance-based topological indexes [11, 14], and defined as the
sum of all distances between any two vertices of a graph:
W (G) =
∑
u,v∈V
d(u, v).
Randic´ index [17, 21] is suitable for measuring the extent of branching of
chemical graphs, and is defined as
R(G) =
∑
uv∈E
1√
deg(u)deg(v)
,
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where deg(v) is a degree of the vertex v.
Denote by λ1, λ2, . . . , λn the eigenvalues of the adjacency matrix of G.
The energy of a graph is introduced by Gutman [18] equals to
E(G) =
n∑
i=1
|λi|,
while the distance measure based on Shannon’s entropy [15] is defined as
Ig(G) = logE(G) − 1
E(G)
n∑
i=1
|λi| log |λi|.
By setting f(vi) = deg(vi)
k = degki in the Shannon entropy formula, we
can also obtain the new entropy based on the degree powers [5, 16], denoted
by Ifk(G):
Ifk(G) = log
(
n∑
i=1
degki
)
− 1∑n
i=1 deg
k
i
n∑
i=1
degki log deg
k
i .
The following three conjectures are proposed in the same paper of Dehmer
et al.
Conjecture 1 Let T and T ′ be any two trees with n vertices. Then, it holds
dW (T, T
′) ≥ dR(T, T ′).
Conjecture 2 Let T and T ′ be any two trees with n vertices. Then, it holds
dE(T, T
′) ≥ dIg(T, T ′).
Conjecture 3 Let T and T ′ be any two trees with n vertices. Then, it holds
dR(T, T
′) ≥ dIf1(T, T ′)
In this note, we are going to construct a family of pairs of trees that do
not satisfy Conjecture 1 and 3, and then disprove Conjecture 2 by providing
specific examples of equienergetic trees from the literature. The authors
from [9] verified the conjectures on all trees with small number of vertices
and these counterexamples have more than 12 vertices. In Section 4, we are
going to refine some results on the graph edit distance and Shannon entropy
from [9] and [10].
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3 Main results
By definition, the reverse inequality dW (T, T
′) < dR(T, T
′) is equivalent to
1− e−
(
W (T )−W (T ′)
σ
)2
< 1− e−
(
R(T )−R(T ′)
σ
)2
.
Using the fact that ex is a strictly increasing function, it is further equivalent
to
|W (T )−W (T ′)| < |R(T )−R(T ′)|.
We are going to construct a family of tree pairs (T, T ′) on n vertices that
have the same Wiener index and different Randic´ index, and thus left side
of the above inequality will be 0. More examples of non-isomorphic trees
having equal Wiener index are introduced by Rada in [20].
Figure 1: Trees T and T ′ with equal Wiener index.
In Figure 1, we can attach arbitrary trees S and R to the vertices t and
w, and it is an easy exercise to verify that these trees are non-isomorphic
and have the same Wiener index (the sum of all distances from the vertex t
to the vertices not in S and R is constant in both trees and equals 26).
Let deg(t) = x and deg(w) = y. Randic´ index is a local topological
index, and the difference between R(T ) and R(T ′) depends only on the edge
weights around vertices u, w, v and t. By direct computation, it follows
R(T )−R(T ′) =
(
1√
3 · 3 +
1√
3 · x +
1√
3 · y +
3√
1 · 4 +
1√
4 · y
)
−
(
1√
3 · 2 +
1√
2 · y +
1√
5 · y +
3√
1 · 5 +
1√
5 · x
)
As x and y can be arbitrary integer numbers, the above difference is
almost never equal to zero - and this completes the counterexample con-
struction for Conjecture 1.
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For Conjecture 3, we need to construct a family of pairs of trees that
satisfy
|R(T )−R(T ′)| < |Ifk(T )− Ifk(T )|,
for any k ≥ 1. Let C(x, y, z, t, T ) be a tree composed of caterpillar having
x, y, z and t leaves attached to any tree T . Then by definition it holds
R(C(x, y, z, t, T )) =
x− 1√
x
+
y − 2√
y
+
z − 2√
z
+
t− 2√
t
+
1√
xy
+
1√
yz
+
1√
zt
+R′(T ),
where R′(T ) is the remainder of the summation for the Randic´ index of the
subtree T .
We are interested in the pairs of quadruples (x, y, z, t) and (x′, y′, z′, t′)
such that
t = t′ and R(C(x, y, z, t, T )) = R(C(x′, y′, z′, t′, T )).
The main trick for the exhaustive search is to fix t = 4 and search among
perfect squares, as that will make the calculation easier. After running a
simple code for iterating through all triples less than 100, we get multiple
examples of pairs of trees with equal Randic´ index (see Figure 2):
R(C(9, 4, 9, 4, T )) = R(C(4, 16, 4, 4, T ))
or
R(C(36, 36, 4, 4, T )) = R(C(64, 9, 9, 4, T )).
Figure 2: Trees T and T ′ with equal Randic´ index.
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For these graph pairs, we obviously have If1(T ) 6= If1(T ′), given that
the degree sequences are different. By definition we get
If1(G) = log 2m− 1
2m
n∑
i=1
degi log degi,
and If1(T ) 6= If1(T ′) is equivalent to
9 log 9 + 4 log 4 + 9 log 9 + 4 log 4 6= 4 log 4 + 16 log 16 + 4 log 4 + 4 log 4.
The above approadh can be easily generalized to Ifk(T ) 6= Ifk(T ′) for
an arbitrary k ≥ 1.
The same idea can be applied to Conjecture 2, which is equivalent to
|E(T )− E(T ′)| < |Ig(T ) − Ig(T ′)|.
For trees with the same spectra it obviously holds that E(T ) = E(T ′)
and Ig(T ) = Ig(T ′). Here we can construct non-cospectral trees with the
same energy and non-zero difference of their Ig invariants.
There are many examples of non-cospectral equienergetic trees in the
literature (see [1, 19] and references therein), and by direct verification for
some of them we can conclude that Ig(T ) 6= Ig(T ′). For the first pair of trees
defined in [19], it can be directly computed that Ig(T1) = 2.67176585647... <
Ig(T3) = 2.72814227465... (by ignoring zero eigenvalues). Note that until
now no general method for construction of such trees is known. This refutes
Conjecture 2.
4 Further results
Let p = (p1, p2, . . . , pn) be a probability vector, namely 0 ≤ pi ≤ 1 and∑n
i=1 pi = 1. The Shannon’s entropy of p has been defined by
I(p) = −
n∑
i=1
pi log pi.
We denote by dIp the graph distance measure of I(p). The authors in [9]
proved the following result:
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Theorem 4 Let G and H be two graphs with the same vertex set. Denote
by p = (p1, p2, . . . , pn) and p
′ = (p′1, p
′
2, . . . , p
′
n) be the probability vectors of
G and H, respectively. If pi ≤ p′i for each 1 ≤ i ≤ n, then we infer
dIp(G,H) < 1− e−A2/σ2 ,
where
A =
n∑
i=1
(
p′i log
(
1 +
1
p′i
)
+ log(p′i + 1)
)
.
Since the sum of the coordinates of the probability vectors p and p′
is equal to 1 and pi ≤ p′i we easily conclude that p = p′ and therefore
dIp(G,H) = 0. This finally means that the above result needs to be refor-
mulated by dropping the condition for probability vectors.
The authors from [10] focused on graphs whose distance can be obtained
by performing only one graph edit operation, i.e. GED(G,H) = 1. This
is used to determine which measure is the powerful and most useful one.
They presented such results on Randic´ index and graph energy, but did not
obtain similar bounds for the Wiener index.
If an edge e = vu is removed, the distance between u and v increases
and no other distances decrease. Favaron, Kouider and Mahe´o [13] proved
the following result:
Theorem 5 Let G be a graph of order n and e a cyclic edge of G. Then
µ(G− e)− µ(G) ≤
√
2− 1
3
n+O(1),
where µ(G) denotes the average distance, defined as µ(G) = W (G)
(n2)
.
From the previous theorem, we can easily conclude the following relation
1 ≤W (G− e)−W (G) ≤
√
2− 1
6
n3 +O(n2).
We complete the section about graph distance measures based on the
Wiener index:
Theorem 6 Let G and H be two connected graphs with n vertices. If
GED(G,H) = 1, then
dW (G,H) ≤ 1− e−
(√
2−1
6
n3+O(n2)
)2
/σ2
.
7
Acknowledgment. The authors are grateful to Maja Kabiljo for her
remarks and discussions that helped to improve the article. We are also
sincerely thankful to an anonymous referee for the constructive remarks and
references.
References
[1] V. Brankov, D. Stevanovic´, I. Gutman, Equienergetic chemical trees, J.
Serb. Chem. Soc. 69 (2004) 549–553.
[2] B. Bolloba´s, P. Erdo¨s, Graphs of extremal weights, Ars Combin. 50
(1998), 225–233.
[3] H. Bunke,What is the distance between graphs?, Bulletin of the EATCS
20 (1983) 35–39.
[4] H. Bunke, Recent developments in graph matching, in: 15-th Interna-
tional Conference on Pattern Recognition (2000) 117–124.
[5] S. Cao, M. Dehmer, Y. Shi, Extremality of degree-based graph entropies,
Inform. Sci. 278 (2014), 22–33.
[6] M. Dehmer, A. Mowshowitz, A history of graph entropy measures, In-
form. Sci. 181 (2011), 57–78.
[7] M. Dehmer, A. Mehler, A new method of measuring similarity for a
special class of directed graphs, Tatra Mt. Math. Publ. 36 (2007) 39–59.
[8] M. Dehmer, F. Emmert-Streib, Structural similarity of directed uni-
versal hierarchical graphs: A low computational complexity approach,
Appl. Math. Comput. 194 (2007) 7–20.
[9] M. Dehmer, F. Emmert-Streib, Y. Shi, Interrelations of graph distance
measures based on topological indices, PLoS ONE 9 (2014) e94985.
[10] M. Dehmer, F. Emmert-Streib, Y. Shi, Graph distance measures based
on topological indices revisited, Appl. Math. Comput. 266 (2015) 623–
633.
[11] A. A. Dobrynin, R. C. Entringer, I. Gutman, Wiener index of trees:
theory and applications, Acta Appl. Math. 66 (2001) 211–249.
8
[12] F. Emmert-Streib, M. Dehmer, Y. Shi, Fifty years of graph match-
ing, network alignment and network comparison, Inform. Sci. (2016),
doi:10.1016/j.ins.2016.01.074.
[13] O. Favaron, M. Kouider, M. Mahe´o, Edge-vulnerability and mean dis-
tance, Networks 19 (1989) 493–504.
[14] A. Ilic´, M. Ilic´, Generalizations of Wiener Polarity Index and Terminal
Wiener Index, Graphs Comb. 29 (2013) 1403–1416.
[15] A. Ilic´, M. Dehmer, On the distance based graph entropies, Appl. Math.
Comput. 269 (2015) 647–650.
[16] A. Ilic´, On the extremal values of general degree-based graph entropies,
Inform. Sci. (2016), doi:10.1016/j.ins.2016.08.002
[17] X. Li, Y. Shi, A survey on the Randic´ index, MATCH Commun. Math.
Comput. Chem. 59 (2008) 127–156.
[18] X. Li, Y. Shi, I. Gutman, Graph Energy, Springer, New York, 2012.
[19] O. Miljkovic´, B Furtula, S Radenkovic´, I. Gutman, Equienergetic and
almost-equienergetic trees, MATCH Commun. Math. Comput. Chem.
61 (2009) 451–461.
[20] J. Rada, Variation of the Wiener index under tree transformations,
Discrete Appl. Math. 148 (2005) 135–146.
[21] J.A. Rodriguez-Velazquez, J. Tomas-Andreu, On the Randic´ Index
of Polymeric Networks Modeled by Generalized Sierpinski Graphs,
MATCH Commun. Math. Comput. Chem. 74 (2015) 145–160.
[22] R. Todeschini, V. Consonni, R. Mannhold, Handbook of Molecular De-
scriptors, Wiley-VCH, Berlin, 2002.
9
